We explicitly construct families of integrable σ-model actions smoothly interpolating between exact CFTs. In the ultraviolet the theory is the direct product of two current algebras at levels k 1 and k 2 . In the infrared and for the case of two deformation matrices the CFT involves a coset CFT, whereas for a single matrix deformation it is given by the ultraviolet direct product theories but at levels k 1 and k 2 − k 1 . For isotropic deformations we demonstrate integrability. In this case we also compute the exact beta-function for the deformation parameters using gravitational methods. This is shown to coincide with previous results obtained using perturbation theory and nonperturbative symmetries.
Introduction
In recent years all-loop effective actions describing various deformations of current algebra conformal field theories (CFTs) have been constructed. These deformed theories posess novel non-perturbative in the deformation parameters quantum symmetries which are classically realized by the effective actions. They also provide new integrable σ-models and serve as the starting point for constructing new type-II supergravity solutions.
The prototype example for these developments has been a deformation of the WZW action S k (g), where g is an element of a general semi-simple group G. The WZW action perturbed by a current bilinear is given by
by the action of [1] .
The above developments make it apparent that it is worth to pursue further this line of research. Consider the following modification of (1.1)
where S CFT is the action of a CFT possessing left and right conserved currents J a + and J a − which obey the standard Kac-Moody algebras with levels k 1 and k 2 , respectively. This theory was studied in [32] where the beta-functions of the model were evaluated.
Subsequently, the authors of [33] computed the exact anomalous dimensions of current and primary field operators using CFT perturbation theory and non-perturbative quantum symmetries argued in [29] . The essential feature of the model in (1.2) is that under the RG flow a new fixed point in the IR is reached. This fixed point is not present in the case where the levels are equal. This feature is very appealing but at the same time the theory is chiral due to the levels being unequal. This fact makes the Lagrangian description of the theory, not to mention the construction of an effective all loop action, an important and highly non-trivial task which remained elusive until the present paper.
In a parallel development the all-loop effective action of two WZW actions for the group elements g 1 , g 2 ∈ G mutually interacting via current bilinears, i.e.
S = S k
was constructed in [34] . In this model there are four commuting current algebras generated by the J a 1+ 's, J a 2+ 's as well by the J a 1− 's, J a 2− 's, all at level k. The current bilinear terms above represent mutual interactions between the two WZW models.
Self-interacting terms of the form appearing in (1.1) and (1.2) are absent. The anomalous dimensions of current and primaries in this theory were computed using CFT techniques and symmetry arguments in [35] . It turns out that the effective action corresponding to (1.3) is canonically equivalent [36] to the effective action of the sum of two models of the form (1.1). As such the beta-functions for the couplings are identical and the anomalous dimensions of operators are related.
The purpose of the present paper is to find an action realizing all loop effects of the theory (1.2). We will show that this will be provided by a modification of the procedure in [34] that led to the effective action for (1.3). Our construction utilizes two group elements of a general semisimple group and may have two or one distinct deformation matrices. The σ-models that we will construct are integrable and smoothly interpolate between exact CFTs. At the UV point the theory is described by the sum of two WZW models one at level k 1 and the other at level k 2 . As soon as the perturbation is turned on our models are driven towards another fixed point in the IR. When both couplings are non-zero the IR CFT is described by a coset CFT the precise nature of which will be analysed in section 5. When one of the couplings has been set to zero the IR CFT is given by the sum of two WZW models one at level k 1 and the other at level k 2 − k 1 . In both cases the flow respects Zamolodchikov's c-theorem. For isotropic deformations we demonstrate that the theory is integrable. We explicitly construct the Lax pairs and show that the conserved charges are in involution. We then proceed to compute the exact beta-function for the deformation parameters using gravitational methods. This is shown to coincide with previous results obtained using perturbation theory and non-perturbative symmetries of the theory [32, 33] . Finally, we present our conclusions as well as some future research directions.
Constructing the Lagrangian
In order to make the line of reasoning transparent, we first briefly review the integrable models constructed in [34] since it is a modification of these models that will give the Lagrangian we are after. Nevertheless, the reader may skip this part and jump directly to the proposed action (2.6) which we subsequently actually use. The basic idea was to generalize the construction of the λ-deformed models of [1] , by first replacing the usual gauged WZW action by the following left-right asymmetric gauged action for a general semisimple group G [37] 
where S k (g) is the WZW action for the group element g ∈ G. Note also the use of two different gauge fields A ± and B ± taking values in the corresponding Lie algebra.
Under the infinitesimal gauge transformations
which have different infinitesimal parameters for the left and the right transformations, the action (2.1) changes as
This is independent of the group element. The strategy of [34] was to combine two of the aforementioned actions with two gauged PCMs as follows
Note that the role of A ± and B ± is exchanged in the two gauged WZW actions. The covariant derivatives acting on the group elements defining the PCMs are D ±g1 = ∂ ±g1 − A ±g1 and D ±g2 = ∂ ±g2 − B ±g2 . The matrices E 1 and E 2 parametrize the corresponding couplings.
The virtue of this action is that it is invariant under the set of transformations
Indeed, in the first line the variation of the first term in (2.4) cancels that of the second term. The second and third lines involving the PCMs are invariant by themselves.
The next step taken was to completely fix the gauge by choosingg 1 =g 2 = I. The resulting gauge fixed action was given by
where we have introduced the parameters
To be precise the action obtained in [34] is the one presented above but with k 1 = k 2 . Nevertheless, in (2.6) we have relaxed the condition that the two asymmetrically gauged WZW models must have the same level. We postulate this action to be our starting point. In what follows we will see that this modification drastically changes the all-loop β-functions of the model which acquire new fixed points in the IR under the flow of the renormalization group. This fact will be verified by using the gravity background generated by the all-loop effective action (2.6) which is obtained after integrating out the gauge fields A ± and B ± . Our results will be in complete agreement with results obtained employing CFT methods and symmetry considerations in [32] and in [33] .
Integrating out the gauge fields in the action (2.6) we find that
and that
The matrices D ab and the currents J a ± are defined as
, (2.10) where the t a 's are Hermitian matrices. When a current or the matrix D has an index 1 or 2 this means that one should use the corresponding group element in its definition.
In addition, we have defined the ratio of the two levels
which with no loss of generality can be taken to be less than one.
The substitution of the expressions for the gauge fields into the action results in a σ-model action which can be written in matrix notation as
where we have also defined the matrices
The above action is by construction symmetric under the exchange of the two original models, i.e. indices 1 and 2. More importantly, the model with equal levels constructed in [34] inherits a remarkable duality-type symmetry to the present model (2.12). This symmetry reads
The proof uses the fact that under (2.14)
The action (2.12) may have additional global isometries for specific choices of the deformation matrices. In particular, if the λ i 's are proportional to the identity the action has the global symmetry
For general deformation matrices this symmetry is partially or completely broken.
For small elements of the matrices λ i 's the action (2.12) can be approximated by
It represents a current-current interaction of the two original WZW actions, one at level k 1 and the other at level k 2 . In fact, the action (2.12) can be considered as the effective action for the theory (2.17) that incorporates all-loop effects in the deformation parameter λ i .
At this point let us argue that although the theory (2.17) is left-right symmetric it reproduces correctly the all-loop correlation functions of the chiral model of (1.2). The argument goes as the one in [35] . All correlation functions involving the operators of
or any other composite operator built from them can be calculated as if the vertex proportional to λ 2 in (2.17) was absent. This is so because the OPE of the currents appearing in the first interaction vertex of (2.17) with any of the currents appearing in the second interaction vertex of (2.17) is regular. This means that if one restricts himself to the set of operators O it is as if he effectively sets λ 2 to zero. Thus, not only the β-functions but also all current correlation functions of the models (2.17) and (1.2) coincide to all-orders in the λ-, as well as in the k-expansion.
Two limits

One vanishing deformation matrix
Let one of the deformation parameters in (2.12) approach zero, say λ 2 → 0 and rename λ 1 to λ. Then the action (2.12) simplifies drastically to the following form
making the perturbative expression (2.17) exact. Note that this special case, but with
has been examined before in [38, 39] . Since the currents J a 2+ and J a 1− do not appear in the action they do not acquire anomalous dimensions. This fact implies that (2.18) should have on-shell chiral and anti-chiral currents. Following a procedure parallel to that in [35] we find that the equations of motion from varying the groups elements can be cast in the form
To prove the above equations we have used the identities (
The above chiral and anti-chiral conserved currents J ± are deformations of J 2+ and J 1− to which they reduce for λ = 0. This is consistent with their vanishing anomalous dimensions.
Zooming in
A second interesting limiting case involves taking one the group elements to unity and at the same time the corresponding level to infinity. Specifically, choosing g 2 as the relevant group element, we have that
Hence in this limit the parameter λ 0 → 0. We also drop the subsctript from g 1 and the level k 1 . In this limit the action (2.12) simplifies to
Note that the limit (2.20), makes the current algebras generated by J 2+ and J 2− Abelian.
Therefore, the action (2.21) represents the effective action for the mutual interaction of a WZW model at level k with an Abelian theory of equal dimensionality.
Integrability
In this section, we prove that the σ-model action (2.12) is integrable when the matrices λ 1 and λ 2 are proportional to the identity, that is when (λ 1 ) ab = λ 1 δ ab and (λ 2 ) ab = λ 2 δ ab . For the case of equal levels integrability has been shown in [34, 36] . It is remarkable that it is preserved for unequal levels as well.
Lax pairs and charges in involution
The integrability of (2.12) is more conveniently examined if one chooses to work with the action (2.6) before integrating out the gauge fields.
Varying (2.6) with respect to B ± and A ± we find the following constraints
and
respectively. Varying the action with respect to group elements g 1 and g 2 results into
where
Equivalently, equations (3.3) can be written as
The definitions of the covariant derivatives depend on the transformation properties of the object on which they act. For example, the action on the group element g 1 involves both the A ± and the B ± gauge fields, that is
one obtains that
We conclude that the equations of motion seemingly decouple forming two independent sets. Nevertheless, the fields A ± and B ± depend on both (g 1 , λ 1 ) and (g 2 , λ 2 ).
For the special case where (λ 1 ) ab = λ 1 δ ab and (λ 2 ) ab = λ 2 δ ab equations (3.6) and (3.7) can be rewritten in the form
We are now in a position to write down the Lax pairs which imply that the theory is integrable. The Lax pairs should satisfy the relations
where each of the Lax pairs L (i) ± (τ, σ; ζ i ) will depend on a spectral parameter ζ i ∈ C. Furthemore, for notational convenience we drop the subscript from ζ i . One can easily show that the Lax pair in the case of (3.8) is given by
Similarly, for (3.9) the Lax pair is given by
The careful reader may have noticed that our claim that the theory is integrable is not
quite proven yet. One should in addition show that the conserved charges obtained from the two Lax pairs above are in involution. To this end we define dressed currents in such a way that when these are expressed in terms of canonical variables they have the same form as the corresponding currents of a WZW model. This idea was employed for the gauged WZW models [40] and in the present context in [34] . In particular, we define the dressed currents as
These currents obey four independent commuting copies of current algebras [34] 
which encode the canonical structure of the theory. Using the definitions (3.13), the constraints (3.1) and (3.2) can be written as
These equations can be easily inverted in order to express the A ± and B ± in terms of the dressed currents. By just inspecting (3.15) it is easy to see that A ± will depend only on J
+ and J
− while B ± will depend only on J
− and J
+ . Since the Poisson brackets of any of the variables in the set {J + } is zero we conclude that the Poisson bracket between A ± and B ± is zero, that is {A ± , B ± } P.B. = 0. This completes the proof that the charges generated by the Lax pair of (3.11) and those generated by the Lax pair of (3.12) are in involution. Thus, the theory defined by (2.12) is integrable. 1 It would be interesting 1 One might wonder if the conserved changes provided by each one of the Lax pairs are among themselves in involution due the non-ultralocal term proportional to δ ′ in (3.14). Such terms give rise to non-ultralocal terms in the Poisson algebra of the L σ which is used to define the monodromy matrix and from that to construct the infinite tower of conserved changes. Nevertheless, it has been shown in [41, 42] that the presence of such terms does not spoil the fact that the infinite number of conserved charges are in involution (eqs. (3.23) and (3.24) of [42] ) provided that the Poisson brackets of L σ assume the Maillet form and the modified Yang-Baxter equation is satisfied. Our effective action (2.12) implies a canonical structure which is precisely a double copy of the two-parameter deformation of the PCM's canonical structure presented in [43] . In this work it was shown that the Maillet brackets are satisfied to see if there are other choices of the deformation matrices λ 1 and λ 2 for which the theory (2.12) remains integrable. For the case of equal levels a classification of the different integrable cases was performed in [34] 
The β-function
One may attempt to use the σ-model background fields for (2.12) in order to compute using the renormalization group equations the beta-function equations for the parameters λ i , i = 1, 2. This seems clearly a formidable task. However, the fact that in (2.17) the defining CFT theories, that is the two WZW models, are decoupled, implies that there is no mixing between the two deformation parameters. The arguments in favour of that are identical to those presented for the equal level case in [35] . In fact the beta-function found by CFT perturbative methods in [32] and in [33] is
where t = ln µ 2 with µ an energy scale and where λ could be either λ 1 or λ 2 . The above formula is valid for k 1 , k 2 ≫ 1. Clearly, the RG flow is between λ = 0 at the UV and the fixed point in the IR at λ = λ 0 . The other fixed point at λ −1 0 is unphysical since via the duality (2.14) it corresponds to a theory with negative levels. We also note that, even though we do not know the RG flows equations for general λ ab , it is guaranteed that λ ab = λ 0 δ ab is an IR fixed point. Clearly, one should be able to compute the above by first setting one of these parameters to zero and then using the resulting action which is much simpler. 2 For the equal level case, this approach was taken in [35] resulting into a complete agreement with the CFT results. In our case we will use the action (2.18) in order to compute the one loop RG flow equations [44] [45] [46] 
and an explicit solution to the modified classical Yang-Baxter equation was found (see section 3, where the parameter ρ in there is related to the level asymmetry as in eq. (4.4) of [33] ). 2 This can be consistently done since λ 2 = 0 is a UV fixed point of the RG flow equations.
where the Ricci tensor includes the torsion. In this paper, we will do this exercise for the case of isotropic couplings λ ab = λδ ab .
The first step is to define the frames by writing the metric in the form
We have disregarded a factor of k 2 2 in the definition of the frames which will be easily restored later and defined for notational convenience that R a 1 = R a and that L a 2 = Lâ. We may compute all geometrical data using the relations
We also need the antisymmetric tensor. In a two-form notation and pulling out, as in the case for the metric the factor k 2 2 , this is given by
where B 0 is the two-form corresponding to the two WZW models, so that H 0 = dB 0 .
Using the frames defined in (4.4) we have that
In addition, the interaction term induces the following contribution to the three-form
As a result the field strength of the B-field reads
From the last equation it is straightforward to read off the components
In a double index notation A = (a,â) the geometric data can be found using the
From this ones extracts the spin connection one-form ω AB and finds that
It is convenient for our purposes to use the spin connection with torsion. This is defined as
14)
The components of the torsionfull spin connection read
Then we proceed to compute the generalized Riemann tensor defined by
In our case this takes the form
As a result, the components the generalized Riemann tensor reads
The components of Râˆb − AB are obtained by simply replacing c i byĉ i , leading to
(4.20)
Using the definition of the Ricci tensor R AB − = R AC − BC we find that
Since the frame as defined in (4.4) depends on λ, we convert to the R a , Lâ basis. We may change basis components using
where ± as subscripts denote the corresponding light-cone versions of the frames where the exterior derivative is replaced by the worldsheet derivatives. We have also used tilded symbols for the components in the R a , Lâ basis. Then we find that
The above procedure applies for any tensor replacing the Ricci tensor R AB − . By using (4.21), we obtain that
Specifically, the various coefficients are given by
from which we find thatR
All other components of the Ricci tensor vanish. After restoring the overall factor of k 2 2 , equation (4.2) gives for the running of the coupling λ the same expression as the one in (4.1).
Symmetry at the IR conformal point
Our models provide an explicit example of an integrable smooth flow between exact CFTs. One of the end points is the sum of two WZW models at different levels. In this section we investigate the other end point, that is the nature and the symmetries of the CFTs to which the theory flows as one approaches the IR regime. We will consider the two cases (λ 1 , λ 2 ) = (λ 0 , λ 0 ) and (λ 1 , λ 2 ) = (λ 0 , 0) separately. In each case we will specify the corresponding CFT and its symmetries.
CFT and its symmetries at λ
The corresponding CFT is obtained by setting λ 1 = λ 2 = λ 0 δ ab in (2.12). However, the symmetries of the CFT are more clearly exhibited if one uses the action before integrating out the fields A ± and B ± . In this case the action (2.6) becomes
In order to clarify the nature of this CFT consider the following infinitesimal transfor-
Then the variation of the action at the IR fixed point becomes
, the action remains invariant. We may investigate this in more detail by writing the would-be gauge fields A ± and B ± as
The finite version of the transformation (5.2) for the A ± and B ± is equivalent to the following transformation for h and k, namely h ± → L −1 h ± and k ± → R −1 k ± . Then, with the aid of the Polyakov-Wiegmann formula we may write the action (5.1) as
The symmetry group of the CFT becomes transparent if we change variables as g 1 →
Then the action can be cast as
The first line is the gauged WZW action for the coset CFT
indicating both the left and the right sectors. The conformal invariance is generated by the transformations
Under these the second and third lines of (5.6) generate two copies of the current algebra for G for the left and the right movers, but at level zero. Hence, for unitary representations this is trivial.
The action (5.6) is also invariant under
This generates the current algebra theory
Combining the above and (5.7) we obtain the following flow of CFTs from the UV at
one copy for the left and an identical one for the right movers. This flow was speculated for the SU(2) case in [47] based mainly on symmetry arguments and further supported in [33] for general groups based on the form of the anomalous dimensions of the current operators in the CFT point in the IR. Note that this flow is in accordance with Zamolodchikov's c-theorem [48] since the central charge in the IR is smaller than that in the UV.
CFT and its symmetries at
For the case of λ 2 = 0 the action (2.12) or equivalently (2.18) can be rewritten at the fixed point λ ab = λ 0 δ ab , by the use of the Polyakov-Wiegman identity as
This is the sum of two WZW actions with two copies of direct current algebra G k 1 × G k 2 −k 1 for the left and the right movers. Hence, in this case, the theory smoothly flows from a CFT in the UV which is the sum of two WZW models, one with level k 1 and the other with level k 2 to another CFT in the IR which is the sum of two WZW models, at levels k 1 and k 2 − k 1 , respectively. That is One might worry that our conclusion for the CFTs (5.11) and (5.13) at the IR fixed point could be an artifact of the large level approximation of our analysis. However, the given answer in terms of exact CFTs leaves no doubt that that the IR CFTs are the ones presented above but for finite level values. The form of λ 0 in (2.11) for finite values of the levels may change, but not its very existence.
Our discussion was valid as long as λ 0 < 1. When λ 0 = 1, i.e. k 1 = k 2 , then the IR fixed point seizes to exist and in fact the theory makes sense as long as we take an non-Abelian type limit [36] of the PCM for G × G.
Discussions and future directions
One of the intriguing features of two dimensional models is the existence of integrable quantum field theories interpolating between exact CFTs. The first example of such a flow was discovered in [49, 50] and was realized via relevant perturbations of the unitary minimal models M p . For one sign of the coupling constant the theory was argued to flow to another minimal model, namely M p−1 . Subsequently, these flows were generalized, by applying thermodynamic Bethe ansatz techniques, to more general unitary minimal models involving coset spaces [51, 52] as well as to integrable flows between non-unitary theories of the type M p,q [53, 54] (see also [55] [56] [57] ). However, in all the aforementioned examples the description was based on integrability arguments and the theories were lacking a Lagrangian formulation. In this paper, we explicitly constructed families of integrable σ-model actions smoothly interpolating between exact CFTs. Our realization uses two group elements of a general semi-simple group and may have two or one distinct deformation matrices.
Our construction resembles the similar construction of the doubly deformed integrable σ-models presented in [34] after allowing different levels for each of the WZW models. Despite the fact that the methods of construction are similar, making the levels different has major implications for the quantum behavior of the models. We have computed the β-function using gravitational methods and found that it exhibits a fixed point in the IR making our models particularly attractive. Moreover, we proved the remarkable fact that the resulting theories are integrable in the case of isotropic couplings. We explicitly constructed the Lax pairs and showed that the conserved charges are in involution.
Our models provide an explicit example of an integrable smooth flow between exact CFTs. At the UV point the theory is described by the sum of two WZW models, one at level k 1 and the other at level k 2 . As soon as the perturbation is turned on our theories are driven towards another fixed point in the IR. When both coupling matrices are present, the IR CFT is described by a coset CFT whose symmetry group is given by (5.11). In the case of one coupling matrix the IR CFT is the sum of two WZW models one at level k 1 and the other at level k 2 − k 1 , (5.13). In both cases, the flow respects Zamolodchikov's c-theorem.
The motivation for the present paper was to find an action realizing all loop effects of the theory (1.2) including the existense of an IR fixed point. This goal has been achieved since the β-functions of our models do reproduce the all-loop β-function of the deformation of the left-right asymmetric CFTs which was previously derived in [32] and in [33] using CFT methods and non-perturbative symmetries of the theory. Although our realisation as a whole is left-right symmetric, as discussed below dual to those constructed in the present work. Finally, it would be interesting to analyze the implications of our Lagrangian description in the context of chiral liquids in one dimension [47] since such systems should be apparently described by left-right asymmetric theories.
